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ABSTRACT It has already been shown that the number of pools in an open system
in the steady state cannot be determined from the number of exponential terms in
the specific activity function of a pool, even if the data were free from experimental
error. However, some information is conveyed by the number of exponential terms.
The information is different depending upon whether the data are obtained from
the pool into which the tracer is introduced or from another pool. In the latter case,
the number of exponential terms is shown to indicate the maximum number of
intermediate pools involved in the shortest path of transfer of material from the
injected pool to the pool in question. With regard to the former case, this paper is
restricted to functions with two exponential terms and shows which systems of n
pools (n 2 2) are consistent with such data. Consequently, biexponential experi-
mental curves can be interpreted in terms of models consisting of an unrestricted
number of pools in which each pool is defined in terms of fast mixing. The generaliza-
tion to cases of functions with more than two exponential terms can be carried out
in a similar manner.

INTRODUCTION

The number of terms in the specific activity function of a pool, following the in-
troduction of an isotopically labeled tracer into a system of interconnected pools,
can be smaller than the number of pools in the system. Sharney et al. (Sharney,
Wasserman, and Gevirtz, 1964) have described n-pool systems which are compatible
with specific activity functions consisting of the sum of only two terms. In a previous
study* we have analyzed n-pool irreducible systems (i.e. all pools exchange material
with each other) and have presented relationships among the rate constants of
transfer between the pools which are necessary and sufficient for a reduction in the
number of terms in all pools. It must be concluded, therefore, that the number of
pools in the system cannot be determined by counting the terms in the specific
activity functions of any number of pools, even if the functions are accurately known
and were not affected by imprecision or inadequacy of the experimental data.

1 Mann, J., and E. Gurpide. 1969. Submitted to Bull. Math. Biophys.
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A common procedure in interpreting specific activity curves is to consider models
consisting of as many pools as terms which are necessary to describe the experi-
mental curve. However, for the reasons given above this approach seems arbitrary,
particularly since the number of pools of distribution of a compound in a biological
system can be expected to be large. Therefore, conclusions drawn from such sim-
plified systems may be meaningless.

Theorem I, in this paper, gives a set of conditions among the rate constants of
transfer between the pools which are necessary and sufficient for the specific activity
function of the pool initially labeled to be the sum of two terms. The fact that the
results were obtained considering n-pool systems and that the conditions are neces-
sary as well as sufficient make this analysis of general applicability. By a similar
treatment, results can be obtained for specific activity functions of more than two
terms.

The number of terms in the specific activity functions of the pool into which the
tracer is injected (pool 1) and of the other pools may be different. Theorem II de-
scribes the dependence of the number of terms in the specific activity function of a
pool i (i > 1) upon the number of intermediate pools in the shortest pathway from
pool 1 to pool i, regardless of the number of terms in the specific activity function
of pool 1.

SYMBOLS AND DEFINITIONS

Throughout this paper, a pool will be defined as an entity determined by a compound
(or ion) in a particular space, imposing the condition that the mixing of the com-
pound in that space is instantaneous and homogeneous. Pool 1 will always refer to
the pool into which the tracer is initially introduced. The n pools do not necessarily
denote n different spaces of distribution of the tracer; they may also include other
compounds which are interconverted with the substance under study.

The rate of change in isotope content in pool 1 (y; in cpm, corrected for isotopic
decay, if necessary) results from the difference between the rate of entry of isotope
into the pool and the rate of removal of isotope from the pool, i.e.,

‘fill = kays — (—ku)y = 2 kays. (1)
t = i=1
The symbol k;; denotes the rate constant of transfer of material from pool i to pool
1; the symbol —ku denotes the rate constant of total removal of material from pool
1. The minus sign in the latter symbol is introduced for convenience in writing the
equations, as is evident from equation 1; it should be noted that —k;, is positive and,
therefore, ky; is negative.

It is desirable to write equation 1 in terms of specific activities (o), which are
more susceptible to experimental determination than total isotope content of a
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pool. Let A;; be defined by the relationship

h.','M,' = ri; = k.';M.‘ (2)

where r;; is the rate of direct transfer of material from i to j and M, denotes the
amount of material (moles) in pool i. If both sides of equation 1 are divided by
M, , and if k,; is replaced by haM,/M; , then, since o; = yi/M;, it follows that

o'y = ; hio: (3)

where o’y denotes the quantity doy/dt.
Equations similar to equations 1 and 3 can be written for each of the pools in the
system. Thus,

cr’,=‘z_;h.‘,a'.',p=l,2---n. (4)

THEOREM 1

A necessary and sufficient condition for the specific activity function of pool 1 to
have two terms is that there exist a number A4 such that

4 Z hith‘(Q) = Z Zh.'jhﬂHﬁ(q) fOl‘ 1 é q _S_ n—1 (5)
=2

=2 jem2
where n is the number of pools in the system and where

n

Hi@ = 3 oo 3 Mghppy - b,y and  Hyu® = hy. (6)
»1=1 pg—1"1
Hy;9 includes the sum of all the products of the A’s involved in each of the
possible pathways of transfer from pool 1 to pool i through the intermediacy of
q — 1 pools.
The proof of this theorem follows from a sequence of lemmas. Let k1 equal the
sum of the &’s corresponding to the transfer of material to pool 1 from all other
pools in the system, i.e.,

i =ha+ ha+ - + ha. (7)

Also, let o4; be a weighted average of the specific activities of all pools other than
1, as seen from pool 1, i. e.,

1
o =3 (hnos + huos + -+ + huon). (8)
111
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Lemma 1

A necessary and sufficient condition that ¢, have two terms is that there exist con-
stants A 1y and Ay ¢ such that

o'y = hnoy + huion
t7’11 = M oy + by o (9)

Proof of Sufficiency. If hi;y, by 11, and hy; 11 are constants, then by solving
equation 9 by the standard methods (Rainville, 1964) it is seen that o; (and oyy)
has two terms. In fact, if «; and a; are the negatives of the roots of the equation

(B — ) hiry

[ Chrxe =2 | =0
then
o1 = Dpe==1* + Dpe=!
o = Dye=1t 4+ Dype =t (10)
if o1 # s and
o1 = Dye—t + Dyte=?
o1 = Due =t 4 Dyte—=t (11)

ifoq = Qg = .

The value of the coefficients in equations 10 and 11 are not necessarily the same.
Proof of Necessity. Since by equation 3, ¢y = hyoy + hnos + --- +
hnio4 , it follows from the definition of Ay ; and oy in equations 7 and 8 that

0"1 = hyor + hn 10711 .

Hence, the first equation of 9 is satisfied. In order to show that the second equation
of 9 also holds, the proof will now be divided into two cases: when oy = a» and
when a1 = Q.

Case 1. 1If oy has two terms and oy # a3, then oy is given by equation 10 and

(7'1 = —oDpe—1t — agDyse—at. ( 12)

By equation 9, or; = (¢/y — huo1)/hs11, and therefore by equations 10 and 12

1 _ _
o = — ’;1—1 [Du(ay + hu)e ** 4+ Di(as + hu)e '] (13)

It shall now be shown that if the expressions for ¢, in equation 10 and o¢y; in equa-
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tion 13 are substituted in the second equation of 9, constant values for A ;1 and
hy1 11 can be obtained. Thus,

1 _ - —a
};—I—; [Dnal(al -+ hu)e ot + Dua2(a2 + hn)e a"] = Dulhue it

+ Dyphy e — ’;:I Y [Du(en + hu)e™* + Dulaz + hn)e ™). (14)

II1

Equation 14 will be satisfied if

D h D h
Duhiax — “(OZI: ) hiru = llal(}‘:;j- Y
and
D h D h
Dlzhln—n(:%:lghun=&(:iit—‘£)- (15)

Neither Dy, nor Dy, is zero since it is assumed that ¢, has two terms in equation 10.
Constant values for A, ;; and h;; 1y may be determined from equation 15 by Cramer’s
rule if the determinant, A, of the coefficients is different from zero. But,

(o1 + hu)
A Dy —Dy By _ DuDu( —a) % 0
- (a2 + hll) hII 1 A a2
Dy —Dy T

since ay 5 @z and Dy = 0, Dy, # 0. Thus, the proof for case 1 is complete.
Case 2. If oy has two terms and o = a2 = a, then o, is given by equation 11 and

't = (—Dna + Dyp)e—=t — Dpate—t, (16)

Again, by equation 9, o;; = (¢/s — huo1)/hi 1, so that by equations 11 and 16,

1 _
m = = KII [Du(a + hn) — Dy + Di(a + hn)ile *. (17 )

As before, by substituting equations 11 and 17 in the second equation of 9, it follows
that

1
—_ r“ [Dlz(a + hy) — Dua(a + hn) + Dpa — Dyala + hu)t]e—at

= Duline * + Duhite™ —

husip (o + B
hi1y

— Dy + Dp(a + hu)tle™. (18)
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Equation 18 will be satisfied if
Dy(a + hu) — D2

Dyhy 11 —
uh 11 Fx o B
= h—II—l [Dpla + hy) — Duafla + hy) + Dpal (19)
and Dyohy 11 — M hirnx = D ola + hu) i
b1y hiy

Since the determinant of the coefficients in equation 19

_ Du(an + hn) — Dy
hiry D3,

. Dy + hu) R
hiy

Dy

Dy,

values for A;; 1 and Ay ; can be obtained from equation 19. Therefore, the proof of
Lemma 1 is complete.

It should be noted that, since e ** and e **‘ in equation 14 are linearly inde-
pendent, the only constant values of A 1; and Ay Which satisfy equation 14 are
those given by equation 15. Similarly, the only constant values of A ;1 and Ay 1y
which satisfy equation 18 are those given by equation 19 since e~ and fe—** are
linearly independent. Furthermore, both in cases 1 and 2,

hig = — (al + h;:)(az + hu) (20)
1
and
hu i = "(al + oz + hn)- (21)

In particular, if @y = a» = « these last two equations become

2
(ah-:_l lhll) ( 22 )

hlII = -

! In particular, if the specific activities of all the exchanging peripheral pools are proportional at all
times (o; = Cia0a, i > 1), the constant

Y > Cuohishin

T2 j=

i Cizhi

T2

A=

will obviously satisfy equation 24. In a previous study® it was shown that, in this case, all the o; have
two exponential terms.
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hnn = = (20! + hu)- (23)

The constant Ay, is not zero by definition, since otherwise no tracer would re-
enter pool 1 and ¢, would not be given by equation 10. Hence, since A; 51 cannot be
negative, it must equal zero because of equation 22. Then « 4+ Ay = 0 and, by equa-
tion 23, hll 11 = —a.

Lemma 2

A necessary and sufficient condition that there exist constants A 1; and Ay 17 so that
equation 9 holds is that there exist a constant 4 so that

A Y haoi = 2 2 hiihios (24)
i=2 =2 j=2
for all values of ¢.
Proof of Necessity. By differentiating equation 8 with respect to ¢ and
replacing each o, in the resulting expression by equation 4, it follows that

’

1
on = }Tll [(h12h21 + -+ hlnhnl)a'l 4+ oo F ol + - + hnnhnl)a'n]o (25)

The right hand sides of the second equation in 9 and 25 are, therefore, equal and
sinceat? = 0,0y # 0,0; = Ofori > 1 and y; = 0, it follows that

=h12h21+"'+hlnhnl. (26)

by hix
1

Consequently,

1
hinen = }T“ [(hnhn + --- + houhu)os + -+ + (Bacha + -+ + Bushar)onl.

But this is equation 24 with 4 = hy; 1, since by equation 8 Ay 104 = Dt haos .

Proof of Sufficiency. It must be shown that constants A ;; and Ay; 1
exist so that equation 9 holds. Let A, 1 be defined as in equation 26 and let Ay 1y = 4.
Then, if Ay 11k 101 is added to both sides of equation 24, it results

hy by oy + by b o = Byoghnao + Z; hishjpos. (27)

i=2 j

By equations 26 and 25, the right hand side of 27 equals Ay 10y, . Thus, ¢’y =
hy 1101 + By o1 and the proof of Lemma 2 is complete.
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Lemma 3
There will exist a constant, 4, so that equation 24 holds if, and only if,

A ha(0:)e = 2 D hisha(e:?), (28)
=2 §m=2 gumd

with the same 4, forg = 1,2 --- (n — 1).

Proof. Since equation 28 is the ¢" derivative of equation 24 evaluated
at t = 0, equation 28 holds whenever equation 24 does. A proof of the converse
now follows,

Each o; is a linear combination of the same »n linearly independent functions;
these functions are of the form e ~ei' where k is a positive integer, de-

—agt k

tYorte
pending upon whether some of the a’s are repeated and the multiplicity of the repe-
tition. If these functions are called £i(?), - - - , fu(?), then

o = ZDUI}(’)- (29)

If each o; in equation 24 is replaced by equation 29, and if like terms are grouped
together, then equation 24 may be written as

Cihi() +Cfi() + - + Cafa(t) = 0 (30)

where the C’s are constants.
Lemma 3 states that if equation 30 holds for the ¢** derivative at ¢ = 0 with
1 £ ¢ = n — 1, then it holds for all ¢. Then, by hypothesis,

Cifi(0) + - - + Cafu(0) =0
Cyf1(0) + -+ + Cuf'n(0) =0
CF™©) + -+ + Cuf 772(0) = 0. (31)

The first equation in 31 follows from the fact that at 1 = 0 each o; = 0 fori =
2 so that equation 24 certainly holds for # = O.

The determinant of the coefficients in equation 31 is the Wronskian of the func-
tions fi, - - - fu evaluated at t = 0. It does not vanish because the functions are
linearly independent (Rainville, 1964). Since the right hand side of each equation
in 31 is zero, each C; = 0. Thus equation 30 holds for all ¢ and, therefore, so does
equation 24,
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Lemma 4

Equations 5 and 28 are equivalent.
Proof. By changing indexes in equation 4, one gets

o's= X hyo,, i=12.---,n (32)
=l
and

(0’5o = hilor)o

since, at ¢ = 0, all tracer is in pool 1. Differentiation of both sides of equation 32
yields (after a change of indexes)

n
” o !
o= Z hy 0 1
71=1

or by replacing ¢’,, by its value given by equation 32

;= Z E hmt‘hpm"'p .

P11 p=1

Thus,

(0”0 = 2, hipshpi(on)o.
r1™1

By induction it follows that

(Ui(Q))o = Z T E hlmhmm e hl’q—ﬂ'q-lh?’«—l"(o'l)o ' (33)
1=l Pg—1=1
Consequently,
(O'i(q))o - Hli(q)(al)a, q= 1, 2..-n-—1. (34)

This completes the proof of Lemma 4. The proof of Theorem I results directly
from Lemmas 1 through 4.

COMMENTS ON THEOREM 1

The constants Ay 1, /1y and Ay 5 in equation 9 (the equations which, according
to Lemma 1, hold if o, has two terms) have the same properties as the constants
ha , s, and hx» in a simple 2-pool model. That Ay 11 is negative, as is A , is seen
as follows. Since Ay nihyr1 is nonnegative by virtue of equation 26, the factors
(a1 + hu) and (@ + hu) in equation 20 must have opposite signs. If, for instance,
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(a1 4+ hy) is positive, then (a2 + a1 + hu) is positive since az > 0. Therefore, by
equation 21, Ay 1; is negative.

If the conditions of Theorem 1 are satisfied, all the pools in the system other than
pool 1 behave as a single pool as far as pool 1 is concerned. If A1, M1, Pun
and oqy were replaced by ha, M2, b, and o2, respectively, equation 9 would de-
scribe a simple 2-pool system. Hence, even though these (n — 1) pools do not con-
stitute a pool in the sense of implying fast mixing, they behave kinetically as a
single pool with respect to pool 1. However, it is possible that neither pool 1 nor
any other pool will have two terms in its specific activity function if the tracer is
administered into a different pool.

Since, as is indicated above, the differential equations which apply to a 2-pool
system are formally identical with 9 the same formulae derived from 2-pool models
(Tait et al., 1961; Gurpide et al., 1964) which allow the calculation of Ay and hs,
from experimentally obtained values of Dy, D2, a1, and a2, can be used to cal-
culate hy and hy; 41 . It should be noted, however, that the physiological meaning
assigned to ks could be quite different from the interpretation of the parameter
hn 1 . Furthermore, formulae for the estimation of A;; and hx from experimental
data, which may be justified by special restrictions in the 2-pool model, cannot be
applied to estimate h; y; and Ay . An expression for Ay 11, in terms of the rate
constants of transfer among the pools, is obtained from equations 5 and 6 when
q = 1. Thus, since 4 = hyy 11,

n n

2 2 huhiihi

hnn=L- (35)

n

3> ki
=2

It can be noted that if n = 2, by 11 = haa .

All expressions involving A’s can be transformed into expressions involving the
usual rate constants, k, by applying the relationships shown in equation 2. For
instance, equations 5 and 6 are equivalent to

A Z; kaKy@ = 3 Z kiknKr @, g=1,2.--,(n—=1) (36)

{=2 j=3
where
( ) n n
Q) _
Ky = Z v Z klmkmm e km—n'
r1=1 Pg-1m1
and
[¢6))
Ky = ki
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Theorem I makes explicit the properties of the system which determine that the
specific activity function of pool 1 have two terms, A similar analysis can be ex-
tended to specific activity functions of pool 1 having m terms, m > 2. However, a
different analysis would be necessary to study the implications of finding m terms
in the specific activity function of a pool other than 1. Theorem II shows a relation-
ship between the number of terms (m) in pool i (i # 1) and the number of inter-
mediate pools in the shortest path of transfer of material from pool 1 to pool i.
A “shortest path” of transfer between two pools is a route which involves the
minimum number of intermediate pools, regardless of the amounts of material
which is transferred by each of the possible paths.

THEOREM 11

If the specific activity function ¢; of pool i (i % 1) has m terms, m > 1, there can-
not be more than m — 2 intermediate pools in the shortest pathway from pool 1
to pool i.

Proof. If s is the number of intermediate pools in the shortest path of
transfer from 1 to i, each of equations 33 with ¢ — 1 < s must be zero. This is
evident since each term of equation 33 represents a pathway from 1 to i consisting
of, at most, ¢ — 1 intermediate pools; since such pathways do not exist for g —
1 < s, at least one of the A’s in each term must be zero. Thus, (o.-(“))., = 0for g —
1 <s.

The theorem is proved by contradiction. Suppose there are more than m — 2
intermediate pools in the shortest path from 1 to i, i.e., s > m — 2. Therefore,
(0:9), = 0, atleastfor0 < ¢ — 1 < m — 2, or equivalently,for 1 < g = m — 1.
Furthermore, since (¢;), = 0 for i % 1, it follows that

(659) =0 for 0 g=m— 1 (37)
By hypothesis ¢; has m terms, i.e.

o= ChA+Cfp+ - + Cufm (38)

where the f’s are functions of ¢ as in the proof of Lemma 3. Equation 38 with the
conditions in equation 37 yields

Cifi(0) + « -+ + Cufu(0) =0
Cif'1(0) + -+ 4 Cuf'm(0) =0
CGA™™0) + -+ + Cufa™(0) = 0. (39)

Again, as in the proof of Lemma 3, the determinant of the coefficients of equation
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39 is unequal to zero. Consequently, C; = C; = -+ = C, = 0. This contradicts
the assumption that o; has m nonvanishing terms.

Another enunciation of Theorem II is that if there are m — 2 intermediate pools
in the shortest pathway from 1 to i, then o; must have at least m terms.
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